An approximation common to vertically integrated and three-dimensional models used to simulate growth and retreat of ice sheets in response to changes in climate and sea level is that the component of the mean column velocity attributable to longitudinal strain rates is small relative to the component attributable to shear strain rates. parallel to the geoid, and can be neglected. We investigate the internal consistency of thiS shallow-ice approximation by using a three-dimensional model of the Antarctic ice sheet to calculate the ratio of the horizontal shear strain rates, averaged through the lowest 10% of the ice depth, to the horizontal longitudinal strain rates, averaged through the total ice depth. This ratio is plotted for the regions of the ice sheet characterized by "inland ice-sheet flow", i.e. where the surface elevations are above 1500 m in East Antarctica, and above 950 m in West Antarctica. These areas are generally inland of the ice streams. The areas where this ratio exceeds 10,50 and 100 are delineated for the cases of (i) no basal motion, and (ii ) "moderate" basal motion. The results generally support the validity of the shallow-ice approximation throughout most areas of the inland Antarctic ice sheet, a lthough it breaks down, as expected, near flow divides and mountain ranges. The model is also employed to simulate the response of the ice sheet to linearly increasing accumulation rates, such that the present accumulation is doubled after 100 years and then held constant, using the surface kinematic equation. The results suggest that the accumulation increase in East Antarctica during recen t decades observed in widely spaced ice cores may be sufficient to account for a positive change in the time rate-of-change of the surface heights of up to 0.1 m a-I during this time period, throughout the areas north of 72° S, if the accumu lation increase has been widespread.
INTRODUCTION

Shear and longitudinal strain rates
Following the first large-scale numerical simulation of the Antarctic ice sheet by Budd and others (1971) (which was based on an assumption of steady state), vertically integrated and, more recently, three-dimensional time-and temperature-dependent numerical models have been employed to simulate the response of the ice sheet to changing climate and sea level. The first such model, applied to the Barnes Ice Cap in Canada, was published by Mahaffy (1976) . Subsequent applications of models of this kind to the Antarctic ice sheet have included the work of, for example, Budd and Smith (1982) , Oerlemans (1982) , Budd and others (1984) , Fastook and Chapman (1989) and Huybrechts (1990 Huybrechts ( , 1992 . An approximation common to these models is that motion occurs by shear strain rates parallel to the geoid, with an additional contribution from basal motion in areas where the bed is at the pressure-melting temperature. The longitudinal strain rates and the corresponding stress deviators are treated as negligible, along with the horizontal shear strain rates acting within vertical planes. The six independent components of the strain rate and stress tensors are thereby reduced to two, and the problem of evaluating the mass discharge on a map-plane grid is correspondingly simplified.
We investigate the extent to which longitudinal strain rates can be considered negligible relative to shear strain rates parallel to the geoid, within the inland Antarctic ice sheet (i.e. away from ice streams ), by using a three-dimensional ice-sheet model. The inland ice sheet is defined here as the area above 1500 m in East Antarctica, and above 950 m in West Antarctica. These areas are generally inland of the coastal regions where ice streams occur. The results constitute a test of the internal consistency of the shaUowice approximation. Most of the surface velocity, and hence the mean column velocity, attributable to shear strain results from the relatively high shear strain rates close to the bed, so we represent thi contribution by averaging the shear strain rates throughout the lowest 10% of the ice thickness. The contribution to the mean column velocity attributable to longitudinal strain rates, however, results from these strain rates acting throughout the entire depth of the ice, so we represent this contribution as its depth-averaged value. The ratio of the shear strain rate to the mean longitudinal strain rate is then computed at each point of the 20 km model grid, and presented in a map plane for the Antarctic ice sheet inland of the marginal areas. The ratio is mapped for two cases: (i) motion of the ice sheet by internal deformation without basal motion (i.e. no sliding), and (ii ) motion of the ice sheet including a basal relationship appropriate for a thin viscous till layer, such that "moderate" basal motion occurs everywhere. The areas of the inland ice sheet over which the shear strain rates exceed the longitudinal strain rates by more than a factor of 10, 50 and 100 are delineated for each case, and expressed as percentages of the total area of the inland ice sheet.
Accumulation rates
Data from widely spaced ice cores on the East Antarctic ice sheet indicate that accumulation rates have increased during the decades since 1955-65. Pourchet and others (1983) , Morgan and others (1991) and Mosley-Thompson and others (1995) found that accumulation rates at Dome C, in the Wilkes Land sector, and at South Pole Station, respectively, have increased by about 18-30% during that time. Here we calculate the response of the ice sheet to linearly increasing accumulation, which is doubled from the present accumulation during a time period of 100 years and then held constant, and examine the relative influence on the time rate-of-change of the surface height of the terms in the surface kinematic equation representing accumulation, vertical velocity and horizontal advection. The model is run for 500 years, driven by the present mass balance, for both a reference run and the test run, before the accumulation rates are linearly doubled in the case of the test run. The effect of model non-equilibrium is then removed by subtracting the reference run from the test run. The relative roles of the terms in the surface kinematic equation are examined over time periods of 30-40 years, representing the time since the start of the most recent accumulation increase in East Antarctica, then to 1400 years after the end of the 100 year doubling of the accumulation rates.
MODEL DESCRIPTION
The ice-sheet model employed here is three-dimensional and time-dependent. It is based on the vertically integrated model of Mahaffy (1976) ; that is, the equation of continuity is solved, combined with the two equations for volume flux in the orthogonal directions x and y. The model ice sheet has constant density. For the time-dependent equation of continuity and other model equations, including a derivation from the force-balance equations, see Mahaffy (1976) . Here we present the depth-dependent equations transformed using a "stretched" vertical coordinate, and additional equations employed in our extension of this model. The constitutive equation is Nye's generalization of Glen's flow law (Glen, 1955; Nye, 1957) . The three components of the velocity vector and the strain rates are computed as a function of depth. The depth-dependent velocities and strain rates are time-independent, i.e. are functions only of the geometry, and so can be evaluated at every time step or, alternatively, at longer intervals. In either case, the depth-dependent components are not included in the iterative solution of the time-dependent equation of continuity. The model is an initial-boundary value problem which requires the geometrical configuration of the ice sheet and the surface mass balance as input data, which were digitized from Drewry (1983) by the Australian glaciology group and made available for distribution by Greeley (unpublished ) . In this preliminary version the bed is assumed to be rigid, and a constant value is used for the flow-law hardness parameter equivalent to a temperature of about -5 c C. This relatively "soft" value is chosen because of 188 the dominant role played by shear deformation close to the bed, where the ice temperatures are highest.
In order to compute all components of the velocity vector and the strain rates in a manner suitable for solution of the heat equation, a vertical "stretched" coordinate is introduced Uenssen, 1977; Huybrechts, 1990) , which transforms the ice column from the surface (z = h) to the bed (z = zo) into a thickness ranging from ~ = 0 to E. = 1 everywhere:
where h is the surface elevation, and H = h -Zo is the ice thickness. The vertical discretization in ~ is chosen in a way that provides an optimal vertical resolution: the thickness of each layer is inversely proportional to its depth. This gives higher resolution close to the bed, where the shear strain rates are maximum.
Using an assumption that the ice sheet moves by shear strain parallel to the geoid, combined with an assumption that the vertical velocity changes much more slowly in the horizontal direction than the horizontal velocity changes in the vertical direction (Mahaffy, 1976), there are two nonnegligible components of the shear strain rate which are, after transformation:
.
where is the absolute value of the surface slope, p is the density of ice, g is the acceleration of gravity, n = 3, and x, y are orthogonal directions on the 20 km grid used to simu late the ice sheet in a polar stereographic projection. B is the hardness parameter in the flow law of ice:
where ~j are the components of the stress-deviator tensor, and B = 8.87 X 10 7 N m -2 SI/3.
Integration of the strain-rate components (2)-(3) with respect to ~, using an assumption that the flow of the ice sheet can be represented, approximately, using a constant (depth-independent) value for B, gives expressions for the depth-dependent horizontal components of the velocity vector:
v, (0 = 2B-n (pg) n 8h a n -1 H n + 1 (C+1 -1) + Vb, li, = -(~t)Tb" ; li. = -(~t)Tb. ' (7) where Ht is the thickness of the till layel~ lit is the effective viscosity of the till layer, and Tb" Tb. are the x and y components of the basal shear stress:
ah ah Tb, = -pgH ax ; Tb. = -pgH ay .
The magnitude of the basal motion is assumed governed by the thickness of the till layer, not the detailed variation of the viscosity, which can then be inferred in a bulk sense from ice-stream measurements. From the results ofmeasurements on Ice Stream B (Alley and others, 1986; Blankenship and others, 1986), lit = 8 x 10 9 Pa s (Paterson, 1994, p.170) . A subglacial till-l ayer thickness of about 0.05 m then yields the hypothesized "moderate" basal velocity of 6.25 x 10-7 ms I (about 20 m a-I) at Tb = 10 5 Pa (1 bar). The vertical velocity is computed using the incompressibil ity condition (9) where izz(~) is the depth-dependent vertical longitudinal strain rate, and
are the depth-dependent horizontal longitudinal strain rates in the x and y directions. The vertical velocity is
where the vertical velocity at the upper surface is given by the ki nematic boundary condition (e.g. Hutter, 1983, p.453 (Drewry, 1983) , so Equations (8) are expected to approximate the basal shear stress. The boundary of the grounded ice which represents the boundary of the numerical domain was defined using a flotation criterion similar to that of Shabtaie and Bentley (1987). The ice thickness was held constant at the gridpoints closest to the grounding line or margin around the perimeter of the ice sheet. The vertical dimension was subdivided into 21 layers as described above. The thickness of the smallest layer is t.~ = 0.018. An alternating-direction implicit (ADI )
finite-difference method with a 1 year time step is employed to solve the equations of the model on a staggered grid in the map plane. The depth-dependent strain rates and velocities represented by Equations (2), (3) and (5)-(12) are evaluated every tenth time sttp. Evaluation of the internal consistency of the shallow-ice approximation within the inland Antarctic ice sheet was carried out using two experiments, which included calculation of the strain rates for the no-basal-motion case and for the case of basal motion on a till layer of 0.05 m thickness, governed by the hypothesized relationship of Equations (7). The shear strain rates and the longitudinal strain rates were computed as a function of depth at levels of constant ~ over the inland ice sheet. The shear strain rates are maximum close to the bed (see Equations (2) and (3)), so they were averaged over the five lowermost vertical layers corresponding, approximately, to the lowest 10% of the ice thickness. The horizontal shear strain rate in the ith layer was defined as(i xz 2 + iyz 2)1 / 2. The longitudinal strain rates were averaged over all 21 layers. The horizontal longitudinal strain rate in the ith layer was defined as (i x.J: 2 + iVY 2)1 /2.
Then, the ratio R of the shear strain rate to the longitudinal strain rate was computed for every gridpoint (x, y) throughout the area of the inland ice sheet.
The results of the first experiment are shown in Figure I R> 50 is 80%, and the area where R > 100 is 57% of the total area of the inland ice sheet. The areas where the assumption that the longitudinal strain rates are small relative to the shear strain rates breaks down, under domes and ice divides, for instance, are shown in a dark shade of gray and black. In these areas, R < 10. Figure 2 shows the ratio R for the case of basal motion on a 0.05 m thick viscous till layer, which is assumed to exist everywhere. The areas where longitudinal strain rates are not negligible (dark gray and black ) have expanded, reflecting the increase in longitudinal stretching. The plot shows that even in the presence of moderate basal motion the shear strain rates are greater than the longitudinal strain rates by more than a factor of 10 over 87% of the inland ice sheet, by more than a factor of 50 over 57%, and by more than a factor of 100 over 33% of the total area of the inland ice sheet.
3.2. Discussion, 1 Figure 1 shows that for the case of ice-sheet flow without basal motion, the shallow-ice approximation is welljustified throughout most (about 80-97 % ) of the area of the inland Antarctic ice sheet. Figure 2 shows that for the case of "moderate" basal motion on a thin till layer, governed by the hypothesized relationship of Equation (7), the longitudinal strain rates can also be considered small to negligible relative to the shear strain rates over much (about 57-87 % ) of the area of the inland ice sheet. The results of this study thus support use of the shallow-ice approximation in numerical models of the inland Antarctic ice sheet, as indicated by, for example, the scale analysis of Greve (1997) . Figures 1 and 2 also show that the assumption that longitudinal strain rates are negligible relative to shear strain 190 rates breaks down more-or-less in the areas where that is expected; for instance, beneath domes and flow divides, which are well outlined by the shades of dark gray and black. The reason for this lies in equations (2) and (3), which show that ExZ) Eyz ~ ° as the surface slope ---+ 0, despite large ice thicknesses. Interestingly, vertically integrated and three-dimensional ice-sheet models evolve in a physically reasonable manner in the vicinity of domes and divides, despite breakdown of the shallow-ice approximation. An analysis of flow in the vicinity of divides, which are singular points under the shallow-ice approximation, is given by Hindmarsh (1997) .
Finally, Figures I and 2 show that the shallow-ice approximation also breaks down near mountain ranges such as the Transantarctic Mountains, which project up through the ice sheet. The reason for this also lies in Equations (2) and (3), which show that E xz , Eyz ~ 0 as the ice thickness ~ 0, despite finite surface slopes. The interesting fact that such locally extreme variations in the bed topography do not cause vertically integrated and three-dimensional models of the ice sheet to destabilize also follows from this and Equations (5) and (6), which show that for n = 3 the depth-dependent velocity is a function of the fourth power of the ice depth. It follows that the total discharge volume flux is a function of the fifth power of the total ice thickness (Mahaffy, 1976) . Ice flow thus rapidly approaches zero in the vicinity of nunataks and mountain ranges, accounting for the stability of flow models in the vicinity of such features.
RESPONSE TO INCREASING ACCUMULATION
NUInerical experitnent
A numerical experiment was also carried out to simulate the response of the ice sheet to increasing accumulation during a limited (100 year) time period. This experiment is carried out because evidence from widely spaced East Antarctic ice cores indicates that accumulation rates have increased during the decades since 1955-65 (personal communication from E. Mosley- Thompson, 1997) . Pourchet and others (1983) found that precipitation at Dome C increased by 30% after 1965 compared with 1955-65. Morgan and others (1991) found an increase in accumulation rates following a minimum around 1960, leading to recent rates about 20% above the long-term mean in the Wilkes Land sector of East Antarctica. Two of their cores, showing 23 % and 26% accumulation increases, respectively, were within the area north of 72° S where Lingle and Covey (1998) estimated mean changes of the surface height during 1978-93 using satellite radar altimetry. Mos1ey- Thompson and others (1995) found that the accumulation rates at South Pole Station have increased by about 30% since 1955. More recent data (personal communication from E. Mosley- Thompson, 1997) indicate that the increase was about 18-19%, on average, between 1955-64 and 1965-95 . Unpublished data from a suite of shallow cores obtained at a remote site on the East Antarctic plateau (84° S, 43° E, elevation 3300 m ) indicate that accumulation rates there increased by about 23% during the past 150 years (personal communication from E. Mosley- Thompson, 1997) . As shown by the surface kinematic Equation (12), the time rate-of-change of the surface height is a function of the accumulation rate, the vertical velocity and terms representing advection of higher-elevation ice from up-glacier. Two model runs were conducted (Fig. 3): (1) a reference run, during which the accumulation rates were held constant at the present rates, and (2) a test run, during which the accumulation rates were linearly doubled during a time period of 100 model years. The reference run is needed because the model ice sheet is not in equilibrium with the present mass balance, given the assumed constant flow-law hardness parameter. The purpose of this experiment is to simulate how increasing accumulation influences the time rate-ofchange of the surface height as a function of this and the other terms in the surface kinematic equation, during and after the time period of the increase.
The dotted area shown in Figure 4 is the area of the East Antarctic ice sheet north of 72° S, between 40° and 160° E, and above 1500 m elevation. This is the area over which Fig. 4 . The region of the East Antarctic ice sheet (dotted area) over which Lingle and Covey (1998) Figs 5a-b and 6) .
mean changes of the surface height from 1978 to 1993 were estimated by Lingle and Covey (1998) , using satellite radar altimetry. The mean accumulation rate for this area is 0.22 m a-I, calculated from 3758 grid points. For this experiment, point Awas chosen (Fig. 4) close to the location of ice core GD03 of Morgan and others (1991) , who measured a 23 % increase in the accumulation rate between 1955-65 and 1975-85 . They concluded that the good correlation between the accumulation records in this and three other cores suggests that this increase is typical of the Wi lkes Land sector of East Antarctica.
Discussion, 2
Plots of the terms in the surface kinematic Equation (12) as functions of time for point A are shown in Figure 5a and b for the reference run and the test run, respectively. For the reference run, curve I shows the present accumulation rate at A (Fig. 4) , in m a-l of ice. The time rate-of-change of the surface height (Fig. 5a , curve 2) asymptotically approaches
Reference run
0.2 accumu lati on- 5. ( a) The terms in the surface kinematic equation plotted as aiunction cif time at point A (Fig. 4) Jor the riference run. (b) The terms in the surface kinematic equation plotted as afunction of time at point A (Fig. 4) for the test run.
zero as the ice sheet approaches an equilibrium state. The sum of the two advection terms (Fig. Sa, curve 3) is negative because positive velocity corresponds to negative surface slope, and the reverse, i.e. the ice flows down the surface slope. The vertical velocity (Fig. Sa, curve 4) is negative because the z coordinate is positive up, for aspects of the model not referenced to the stretched coordinate system of
The test run is identical to the reference run for years 0-500, then the accumulation rate is linearly doubled over 100 years and subsequently held constant. The time rate-ofchange of the surface height (Fig. 5b, curve 2) increases at a rate almost identical to the increasing accumulation rate during most of that 100 year interval and then asymptotically approaches zero during the following 1400 model years. This is a reflection of the insensitivity of the equilibrium profile of an ice sheet to the accumulation rate (Nye, 1959) .
The terms in the kinematic surface equation for the reference run were then subtracted from the corresponding terms for the test run. The differences are shown in Figure 6 , which also shows that the positive change in the time rateof-change of the surface height (curve 2) is essentially equal to the increase in the accumulation rate (curve 1) over a time period of about 60 years after the start of the increase. There are relatively small contributions from changes in the advection terms (curve 3) and in the vertical velocity (curve 4), which become gradually more significant about 60-100 years after the start of the increase. During the following 1400 years, during which the accumulation rates are held constant, the positive change in the time rate-of-change of the surface height rapidly decreases as changes in the vertical velocity and advection terms become more dominant, reflecting the increased flow of the ice sheet at only slightly increased thickness that is forced by the accumulation increase. The effect on the time rate-of-change of the surface height of the accumulation increase measured in ice cores can be estimated, then, by assuming the added snow has the density of near-surface snow at South Pole Station, 360 kg m -3 (Mosley- Thompson and others, 1995) , and the accumulation increase is about 20%, after 20 years, of the 0.22 m a I mean accumulation (ice equivalent) throughout the area north of72° S, which has been measured by satellite altimeters dating from 1978 (Lingle and Covey, 1998) . The implied positive change in the time rate-of-change of the height of the snow surface is about OJl m a-I. This simple rough estimate should be a maximum, because the increased rate of loading from surface snow should also increase the rate of compaction of the underlying firn.
5, CONCLUSIONS
The evaluation of the internal consistency of the shallow-ice approximation presented here shows that the shear strain rates are greater than the longitudinal strain rates by more than a factor of 10 over 97 % of the inland Antarctic ice sheet, by more than a factor of 50 over 80% of the area, and by more than a factor of 100 over 57% of the area, for the case of no basal motion, where the inland ice sheet is defined as the area above 1500 m in East Antarctica and above 950 m in West Antarctica. For the case of "moderate" basal motion on a hypothesized thin deformable bed, the shear strain rates are greater than the longitudinal strain rates by more than a factor of 10 over 87 % of the inland ice 192 .... ctl Cl) -f (Test run)-(reference run) 0.30 ,,-,,"":"'..,....,....,.....,n-rT-,.....,.........,....,....,.....,-,-..r-,,-r- .r .... t .... ic ..... (t. . . . llc. . . . . . . . v ... e .... l0.J..c .... i .... ty ..... J....J 600 800 1000 1200 1400 1600 1800 2000 Time (years) Fig. 6 . The changes in the terms qf the surface kinematic equation between the test run and the riference run plotted as a function qftime at point A (Fig. 4) .
sheet, by more than a factor of 50 over 57% of the area and by more than a factor of 100 over 33% of the area. T hese results indicate that the shallow-ice approximation is reasonably wel l justified within vertically integrated and three-dimensional ice-sheet models for most regions of the inland Antarctic ice sheet, i.e. away from the coastal regions that tend to be characterized by ice-stream flow.
The results of the experiment with increasing accumulation suggest that the relatively short-term (30-40 year) increase in accumulation rates on the East Antarctic ice sheet observed in a number of widely spaced ice cores (Pourchet and others, 1983 ; Morgan a nd others, 1991; Mosley-Thompson and others, 1995) is capable of accounting for a comparable positive change in the time rate-ofchange of the surface height during this relatively short time period. Over longer times, as the model ice sheet approached a new equilibrium due to sustained constant accumulation at a higher rate, the positive cha nge in the time rate-of-change of the surface height decreased as increases in the vertical velocity and in the advection terms of the surface kinematic equation became more significant.
